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Abstract. Let X be a projective variety of dimension r over an algebraically 
closed field. It is proven that two birational embeddings of X in P™, with 
n > r + 2 are equivalent up to Cremona transformations of P n . 

Introduction 

Let us consider a rational variety X C P". Then there exists a birational map 
4> : X -~» P r . The simplest embedding of P r , as a projective variety, is the linear 
one. It is quite natural to ask whether the map <j> can be extended to a birational 
map $ : P" --■» P" such that &(X) is linear. We shall say that in this case the 
variety X is Cremona equivalent, see Defmition ll.41 to a linear space. This extension 
property reminds us the Abhyankar-Moh property (AMP), [AMj . The latter asks 
about extensions of polynomial embeddings in C™ to automorphisms of C™. The 
AMP has been studied extensively and seems granted for high codimension smooth 
varieties, see for instance [Je]. The AMP can be extended to affine varieties over 
an infinite field, say k. Then one can ask whether two different embeddings of 
the same affine variety are equivalent up to an automorphism of k n . Also in this 
context the answer is positive for varieties with isolated singularities and roughly 
local dimension half the embedding dimension, see [Sr] for the precise statement. 

The aim of this paper is to solve a similar question in the context of birational 
geometry of projective varieties. We want to understand when two birational cm- 
beddings of the same variety are equivalent up to a Cremona transformation of 
the projective space, in this case we say that they are Cremona equivalent, see 
Definition II .41 for the precise statement. In the case of complex field this has been 
studied in (JeJ Theorems 2.1, 2.2] where a positive answer is given for varieties of 
codimension greater than the dimension. 

The birational nature of the problem suggests that singularities should not be a 
main issue. Indeed we are able to treat arbitrarily irreducible and reduced projective 
varieties. The main novelty comes from the range where the answer is positive. It 
is not difficult to give examples of rational hypersurfaces that are not Cremona 
equivalent to a hyperplane, see section [3] for the details. In general birationally 
equivalent divisors are not Cremona equivalent. What is really surprising is that 
this is the only case. 

Theorem 1. Let X be an irreducible and reduced projective variety of dimension 
r over an algebraically closed field k. Then two birational embeddings in P™ are 
Cremona equivalent as long as n > r + 2. 
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To prove the theorem we produce a chain of Cremona transformations that 
modify the linear systems giving the two embeddings one into the other. This is 
done by looking at the two birational embeddings as different projections of a 
common embedding. We want to stress some by-products of the main Theorem. 

Corollary 1. Let XcP" be a subvariety of codimension at least 2. 

// X is rational then it is Cremona equivalent to a linear space. 

If X is birational to a smooth subvariety of P™ . Then it is possible to resolve the 
singularities of X with a Cremona transformation. 

The Cremona group of¥ n contains Biy(X), the group of birational transforma- 
tions of X. 

We like to look at the Theorem as a way to say that the Cremona group of P™ 
is really huge. We thank the referee for a careful reading. 

1. Notations and preliminaries 
We work over an algebraically closed field k. 
Definition 1.1. For any linear space LcP" the map 

ttl ' P™ --■» p™ _dimL_1 

is the projection from L. 

Let X be a projective irreducible and reduced variety and C a linear system on 
X. Assume that £ is generated by {Lq, . . . , L n }. Then the map ipc ■ X — - > P(£*) 
is given by evaluating the sections of Li at the points of X. 

Definition 1.2. We say that (X, £), or simply £, is a birational embedding (in 
P n ) if ipc ■ X — ■ > P" is birational onto the image. We say that ipc = iflM, f° r two 
birational embeddings, if there exists a dense open subset U C X where ipc and 
if m are both defined and have equal restriction. 

Remark 1.3. Note that given a birational embedding C in P" we can consider it 
also an embedding into P"+' 1 by adding /i-times the zero section to get 

C! = {L o ,...,L n ,0,...,0} 

In all that follows we apply, mainly without mention, this construction to compare 
birational embeddings into different projective spaces. 

We are interested in studying birational embeddings of a fixed variety X. We 
therefore identify C with (p£ ^ X ){^-) via ( < P£)^ 1 (Cp" (I))- 

Let D C X be a divisor and consider the linear system Cd = {DL 0} ■ ■ ■ , DL n }. 
Then we have ipc = fc D - in what follows we identify C and Cd- 

Definition 1.4. Let C in P" and Q = {Go, . . . , G r } in P r be two birational embed- 
dings, assume that n > r and let Q' = {Go, . . . , G r , 0, . . . , 0}, obtained by adding 
(n — r)-times the zero section. We say that C is Cremona equivalent to Q, or simply 
equivalent, if there exists a birational map $ : P" — > P" such that 

lf£ — $ O (fgi 

Such a $ is called a (Cremona) equivalence between C and Q. 
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Remark 1.5. The relation introduced is an equivalence relation on the birational 
linear systems of a fixed variety. We never ask the linear system neither to be 
complete nor to be minimally generated by the Li's. 

The equivalence $ has to be defined on the general point of tpg>(X). 

Let C and Q be two linear systems on X. Then we have the following commutative 
diagram 



oN 

A 

'■pc+g 



7TG 



■A. 



V 

<pc <pg 
where C + Q = {LiGj}, with i,j = Q,...,n, and 

ttl o fc+g = Vc Go ttg ° fc+g = Vg Lo 

In other terms L and G are linear spaces spanned, respectively by {GjLi}, with 
j = 1, . . . , n, i = 0, . . . , n, and {GjLi} with i = 1, . . . , n, j = 0, . . . , n. 

This diagram allows us to look at two different embeddings as projections from 
a common one. 

A natural way to construct a birational self-map of P™ is to consider a hyper- 
surface of degree k in P™+ 1 with two points of multiplicity exactly k — 1. Then the 
projections from the singular points build up the required self-map. The following 
Lemma allow us to use this trick in a wide contest. 

Lemma 1.6. Let Y C P™ +1 be an irreducible reduced variety and q\, q2 two points 
in P™ +1 . Let CYi be the cone over Y with vertex qi. Assume that dimY < n — 2, 
h (2V(1)) 7^ and CYi <f_ Bs|2y(l)|. Then for k 3> there exists an irreducible 
reduced hyper surface S 6 |2y(fc)| with: 

- mult 9j S = k — 1, for i = 1,2, 

- S 75 CYi. 

Proof. Let I = (qi, 52) be the line spanned by the q^s and consider the projections 
ir qi : ¥ n+1 —4 P", tt 92 : P Il+1 — * P", TTi : P™ +1 —4 P™" 1 
Let Y = tti (Y) , Yi = n qi (Y) be varieties. Then we have the following diagram 

Y c pn+l 



7T 



91 



Yi C P" 



'<J2 

'"■A 



DY 2 



Y c P Il_1 

Let us consider D = (d = 0) C P Il_1 a hypersurface of degree 6 with Y C D. Let 
H = (h = 0) E |2V(1)| be a general hyperplane. Define 

S = (d 9l + hg 2 = 0) C P" +1 

where: 

gi is general of degree k — 8 and multiplicity k — 5 — 1 at pi ; 
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<?2 is general with mult qi hg 2 — k — 1. 
It is easy to check that S satisfies all the requirements. □ 

2. The proof 

We are now ready to prove Theorem[TJ Let X be an irreducible reduced projective 
variety. Let C and Q be two birational embeddings in P™. Keep in mind that they 
are both projections of C + Q and 

-C = £-G Q = {LqGq, . . . , L n Go}, Q = Ql q = {LoGo, ■ ■ ■ , LoG ra }. 

We want to construct a sequence of Cremona equivalent linear systems {^4i}, for 
i = 0, . . . n, with 

- Aq = Cg = {L Gq 7 . . . , L n G }; 

- At = {L G , ■ ■ .,L Gi,Ai +1 , . . ■ ,A l n }, for some A* £ \£+G\, j = i+1, ...,n; 

- A n — Ql — {LqGq, . . . , LoG n }. 

To prove the theorem we give a recipe that builds Ai+i from Ai. Let TLi = 
{Ai,LoGi+i} be a linear system and tp^ ■ X — > F(Tt*) = P™ +1 the associated 
embedding. Then we have X t = ip A A x ) C (x n+ i = 0) C P™ +1 . Let Z C P™ +1 be 
the cone over Xi with vertex q\ = [0, . . . ,0, 1] and Yi := ZPiH a general hyperplane 
section of Z . Then we have 

7T ?1 {Yi) = X t 

and Yi birational to X . Let q 2 G (x = . . . = Xj = x„_|_i = 0) be a general point. 
In particular q 2 (jL H hence the projection 7r 92 |y. is birational onto the image. Let 
X i+ i := TT q . 2 (Yi), then X i+ i is birational to X and we define Ai+\ := Ox i+1 (l), 
keep in mind Remark 1 1.3 1 The choice of q 2 gives 

Ai+i = {L Go, ■ ■ ■ , L Gi + i, A l ^\, . . . , A l n +1 } 

for some elements A^ +1 e \C + Q\. 
This reads in the following diagram 

Yi C P" +1 

^ 4 (X)CP" P^^ffl 

By construction 7^ and Bs 12^(1)1 ^ gj, for i = 1, 2. By hypothesis we 

have dimy < n — 2, then by Lemma 1 1 . 61 there exists an irreducible hypersurface 
S £ |2Vi (&) I with mult 9i S = k — 1 and not containing the cones over Yi with vertex 
both qi and q 2 . In particular 

7T gi | S and 7r g2 |5 

are birational maps to P" and ""^Ig) n qJ\s are defined on the general point of 
ipAi(X), <PAi+i(X) respectively. Define the map $j : P" --■» P™ as follows 

By construction <I>i is an equivalence between At and Ai+\. 
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3. DlVISORIAL EMBEDDINGS 

It is quite natural to expect that two divisorial embeddings are in general not 
Cremona equivalent. The argument of Nocthcr-Fano inequalities gives us a way to 
explicitly state it for rational varieties, and therefore show that Theorem [1] is the 
best possible result. 

Lemma 3.1. Let X C P" be a rational variety of codimension 1 and degree d > 1. 
Assume that X is Cremona equivalent to a hyperplane. Then the singularities of 
the pair (P", (n + l)/dX) are not canonical. 

Proof. Let $ : P™ — - ► P™ be an equivalence and 



Z 




a resolution of $. Then we have 

O z ~ p*(0(K Vn + T ^-X) = K z + ^r^Xz - Y 
d d ^— ' 

and 

q*(0(K P n + ^O(l)) = K Z + -J2 b i F * 

where Ei, respectively Ft, are p, respectively q, exceptional divisors. Let / C P™ be 
a general line in the right hand side P n . Then we have 

> q-H ■ (q*(0(Km + ^±±0{l)) + ^ b^) = (^a,^) • q'H 
This proves that at least one < proving the claim. □ 

Lemma 13.11 allows to produce examples of divisor that are not Cremona equiv- 
alent to a hyperplane. Let C C P 2 be a rational curve with only ordinary double 
points. If degC > 6 then C is never Cremona equivalent to a line. It is easy to 
produce such curves by projecting a divisor of type (l,a) in a smooth quadric. 

One can construct similar examples in arbitrary dimension. 
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